IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Entire solutions of nonlinear cellular neural networks with distributed time delays

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2012 Nonlinearity 25 2785
(http://iopscience.iop.org/0951-7715/25/9/2785)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 61.185.28.126
The article was downloaded on 24/08/2012 at 01:43

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0951-7715/25/9
http://iopscience.iop.org/0951-7715
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

TIOP PUBLISHING NONLINEARITY

Nonlinearity 25 (2012) 2785-2801 doi:10.1088/0951-7715/25/9/2785

Entire solutions of nonlinear cellular neural networks
with distributed time delays

Shi-Liang Wu' and Cheng-Hsiung Hsu®

1 Department of Mathematics, Xidian University, Xi’an, Shaanxi 710071,
People’s Republic of China
2 Department of Mathematics, National Central University, Chungli 32001, Taiwan

E-mail: slwu@xidian.edu.cn and chhsu@math.ncu.edu.tw

Received 15 February 2012, in final form 2 August 2012
Published 23 August 2012
Online at stacks.iop.org/Non/25/2785

Recommended by J A Glazier

Abstract

The aim of this work is to study the existence of entire solutions of nonlinear
cellular neural networks with distributed time delays (DCNN). The entire
solutions are defined in the whole space and for all time + € R. From
Yu et al (2011 J. Diff. Egns 251 630-50), we know that the DCNN model
admits travelling front solutions. Combining the travelling front solutions with
different wave speeds and a spatially independent solution of the DCNN model,
we establish some new entire solutions to describe the interactions of travelling
fronts. Various qualitative features of the entire solutions are also investigated
in this work.

Mathematics Subject Classification: 34K05, 34K30, 37L60

1. Introduction

The aim of this work is to study the existence of entire solutions of nonlinear cellular
neural networks with distributed time delays (DCNN). The methodology of cellular neural
network (CNN) was first proposed by Chua and Yang [4-6] as an achievable alternative
to fully connected neural networks in electric circuit systems. The infinite system of
ordinary differential equations for CNN distributed in an one-dimensional integer lattice with
a neighbourhood of radius m but without inputs can be described by

(1) = 2= %y () + Y 0 f i () +af Cu (D) + D B f W), (11)

i—1 j=1

where n € Z,t € R, m € N, the real coefficients a, «;, B; with Z(ozi2 + ,Bl.z) # 0 of the output
function f constitute the so-called space-invariant template that measure the synaptic weights

0951-7715/12/092785+17$33.00 © 2012 IOP Publishing Ltd & London Mathematical Society Printed in the UK & the USA 2785


http://dx.doi.org/10.1088/0951-7715/25/9/2785
mailto: slwu@xidian.edu.cn
mailto: chhsu@math.ncu.edu.tw
http://stacks.iop.org/no/25/2785

2786 S-L Wu and C-H Hsu

of self-feedback and neighbourhood interactions. The quantity z is called a threshold or bias
term and is related to the independent voltage sources in electric circuits. For more details on
the circuit diagram and connection pattern for practical applications, we refer to [4-6] and the
references cited therein.

In past decades, there have been extensive investigations on neural network systems, which
are applied to a broad scope of fields such as image and video signal processing, robotic and
biological versions and higher brain functions (see [34, 43] for more details). In particular, if
the output function f is a piecewise-linear function defined by

fO=3(x+1]—|x=1) forx € R, (1.2)

some incisive mathematical analyses have been done in [17-22] and many references cited
therein. However, in view of the finite switching speed and finite velocity of signal
transmission, time delay should be considered in the CNN systems. For example, Hsu et al [17]
considered the following delay CNN (DCNN for short) system

() = —x (0 + Y e fo K S it — ) ds + af (1)
i=1

m

+Z,3j/;k(s)f(x,,+j(t—s))ds, nelZ, teR, (1.3)
j=1

where T > 0, k : [0, ] — [0, +00) is a prescribed piecewise continuous function which
satisfies for k(s)ds = 1. Such function k(-) is called the density function for delay effect.
In [17], the authors investigated the diversity of travelling wave solutions of (1.3) with the
output function (1.2). More precisely, using the monotone iteration scheme, they proved the
existence of monotone travelling waves provided the templates satisfy the so-called quasi-
monotonicity condition, i.e.a; > 0, f; > Ofori = 1,...,mand Y (a?+p?) # 0. Moreover,
they considered two special cases of (1.3) in which each cell interacts only with either the
nearest m left neighbours or the nearest m right neighbours. For the former case, the analytic
solution in an explicit form was directly figured out. For the latter case, the deformation of
travelling wave solutions with respect to the wave speed was clarified.

Recently, Liu et al [29] considered the existence of monotone travelling waves for the
following DCNN model with a nonlinear output function:

X, (1) = —x, (1) +Ot/0 ki(s) f(xn(t —s))ds +,3/0 ka(s) f (Xns1(t — 5)) ds, (1.4)

where k; : [0,7] — [0, +00) is a prescribed piecewise continuous function satisfying
fOT ki(s)ds = 1,i = 1,2 and f is nonlinear, non-decreasing and odd on [—1, 1]. For example,
the output function f(x) can be given by

1, ifx>1,
fx) = {sin %x, if x| < 1, (1.5)
-1, ifx<-1
and
1, ifx>1,
—x2, ifog<x<
= Wiz
-1, ifx < -1,

respectively.
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More recently, Yu et al [48] extended the existence results of monotone travelling waves
in [17, 18,20, 29,42] to a more general DCNN model of the form

x, (1) = — x,(1) + Zai /T Ji () f (i (t — 5)) ds +a/T Jne1(8) f(x,(t — 5)) ds
i=1 0 0

4 T
+Y 8 / Inaej ) f Gt —s))ds,  neZ, teR, (1.7)
=t 0
where m,f e Nt >0,a 20,04 20,i =1,---,mand 8; >0, j =1,---,( are given
constants with Y /" o; + Zf‘:l B; > 0; the output function f and the density function J;,
i=1,---,m+ £+ 1 satisfy the following assumptions:

(A1) f € C([0, 00), [0, )), £(0) =0, £”(0) exists,
(a+a+pB)f(K)=K and (a+a+pB)f(u) >u foru € (0, K),
m 4
where K > Oisaconstant,« = ) «o; and 8 = ) B;;
i=1 j=1
(A2) f(u) is non-decreasing for u € [0, K] such that
af'(0) =1 and |[f(u)— f@)I| < fO)u—v for all u,v€[0,KI;
(A3) J; € L'([0, t]) is a non-negative function satisfying

T
/ Ji(s)ds = 1, fori=1,...,m+0+1.
0

It is obvious that the output functions defined by (1.2), (1.5) and (1.6) satisfy the assumptions
(Al) and (A2). It is well known that a travelling wave solution of (1.7) refers to a special
translation invariant solution with the form x, (¢) = ¢(n —ct), n € Z, t € R for a wave profile
¢(-) : R — R with an unknown wave speed ¢ € R. Letting £ = n — ct, it is easy to see that
such a profile must satisfy the following equation:

—cp'®) = —p&)+ Zai/o Ji($) f(p(§ —i+cs))ds +a/0 Im1(5) f(@(§ +cs)) ds
i=1

¢ T
+> B / Tns14j(8) f (9(€ + j +cs)) ds. (1.8)
=t 70

If ¢(-) is strictly monotone, then we say ¢ is a travelling wave front. Note that the study of
travelling wave solutions for partial differential equations and lattice dynamical systems has
drawn considerable attention in past decades (see, e.g., [3,9, 18, 19, 23,25, 30,42, 46, 49]).

In order to state our results later, we first recall the main results of theorems 1.1-1.4 of [48]
as follows.
Proposition 1.1. Assume (A1)—(A3), then the following results hold.

(1) There exists a ¢ci < 0 such that for each ci < cf, system (1.7) has a non-decreasing
leftward travelling wave solution ¢, (n — cit) which satisfies

P, (—00) =0 and @, (+00) = K.
Moreover, for any ¢ < cf, ¢, (&) > Oforall & € R,
lim ¢, (§)e™ 1% =1 and lim ¢, (£)e™ 1% = 2 (c),
E——00 E—»—00 ‘!

where L1 (c) is the smallest positive root of characteristic function (see (2.2)) of (1.8) at 0
and for ¢ < Q.



2788 S-L Wu and C-H Hsu

(2) There exists a c5 > 0 such that for each c, > c, system (1.7) has a non-increasing
rightward travelling wave solution y.,(n — cat) which satisfies

1/&-2(—00) =K and I//cz (+00) = 0.
Moreover, for any c; > ¢, Y, (§) > 0 forall & € R,
lim ., (§)e 5 = 1 and lim 7/ (£)e ™8 = a3(c),
&—>+00 £—>+00 =

where L3(c) is the largest negative root of characteristic function (see (2.2)) of (1.8) at 0
and for ¢ > 0.

The problems of travelling wave solutions are important in the study of various evolution
equations, which provide significant applications in biology, chemistry, epidemiology and
physics, see [11,19,21,22,36,37,44]. On the other hand, another important topic in those
equations is the interactions of travelling wave solutions, which is crucially related to the pattern
formation problem, see [7, 8,24, 31] for more details. Mathematically, this phenomenon can
be described by the so-called entire solutions that are defined in the whole space and for all
time ¢ € R (see definition 1.2). Moreover, the entire solution can help us with the mathematical
understanding of transient dynamics and the structures of the global attractor [32]. Recently,
there have been quite a few works devoted to the interactions of travelling fronts and the entire
solutions, see e.g., [1,2, 10, 12, 13, 15, 16, 28, 32, 38, 47] for reaction—diffusion equations with
and without delays, [39, 40] for delayed lattice differential equations with global interaction,
and [14,33,41,45] for some reaction—diffusion model systems. For other related results on
entire solutions, we refer the reader to [26, 27, 35] and the references cited therein.

Based on the existence of travelling wave front solutions of (1.7), the purpose of this paper
is to consider the interactions of travelling fronts for system (1.7) and establish some entire
solutions to describe the phenomenon. Combining the leftward and rightward travelling fronts
with different speeds and a spatially independent solution I'(-) (solution of (2.1)), some new
types of entire solutions are established. More precisely, inspired by the work of Hamel and
Nadirashvili [15], we can construct appropriate subsolutions and derive some upper estimates.
Then we show the existence of entire solutions by using the comparison principle. Before
stating our main result, we first give the following definition.

Definition 1.2.

(1) A sequence of functions ®(t) := {¢n(t)}nez, t € R, is called an entire solution of (1.7) if
forany n € Z, ¢, (t) is differential for all t € R and ®(t) satisfies (1.7) for alln € Z and
teR

(2) Letm € Nand p, po € R". We say that a sequence of functions ®,(t) := {®, ,(t)}nez
converges to a function @, (t) := (P, p,(1)}sez in the sense of topology T if, for any
compact set S C Z x R, the functions , ,(t) and @, ,(t) converge uniformly in S to
D, p, (1) and CD;,pO (1), respectively, as p tends to py.

(3) Let ¢, (n —c1t) and Y., (n — cat) be the leftward and rightward travelling wave solutions
of (1.7) (as decided in proposition 1.1) which have wave speeds ¢, < ¢} and c; > ¢},
respectively. Then we denote

A, == inf{A > 0| ¢, (z)e ™1 “)* < Aforall z € R},
B., :=inf{B > 0| ¢,(z)e ? < B forall z € R}.
According to definition 1.2, we know that travelling wave solutions of (1.7) are special examples

of the entire solutions. Throughout this paper, we always assume that conditions (A1)—(A3)
hold. For convenience, let I'(-) be the spatially independent solution of (1.7) connecting O
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and K, i.e. let the solution of (2.1) (see lemma 2.2) and A* > 0 be the unique root of the
characteristic equation of (2.1) at the trivial equilibrium (see lemma 2.1). The main existence
result is stated as follows.

Theorem 1.3. For any hy,hy,h3 € R, ¢; < ¢, ca > ¢ and x1, x2, x3 € {0, 1} with
X1+ X2+ x3 = 2, there exists an entire solution ®,(t) = {®, ,(t)},ez of (1.7) such that

max { x1¢c,(n — 1t + 1), xoWe,(n — ot + ha), xaT'(t + h3) }

< (1) <min{K, I (n, 1), Ma(n, 1), T3(n, 1)} (1.9)
for (n,1) € Z x R, where p := py, ..y, = (X1¢1, x2€2, x1h1, X2h2, x3h3), and
I (1, 1) i= (1, (n — €1t + 1) + yo B, ¥ m02th2) 5 ieh (¥hs) (1.10)
Mo (1, 1) = x1Ae €OV Ly (0 — eat + o) + xaeh ), (1.11)
[3(n, 1) == x1 A, eMCO0atth) oy, g ehs@=atvh) Ly Pr 4 py), (1.12)

Moreover, various qualitative features of the entire solutions are also investigated in section 4.

The rest of the paper is organized as follows. In section 2, we first investigate the existence
and asymptotic behaviour of spatially independent solutions I of (1.7). Some existence
and comparison theorems for solutions, supersolutions and subsolutions of (1.7) are also
established. According to the preliminaries derived in section 2, we prove the existence result
of theorem 1.3 in section 3. Some qualitative properties of the entire solutions are further
investigated in section 4.

2. Preliminaries

In this section, we first investigate the existence and asymptotic behaviour of spatially
independent solutions of (1.7). Then we prove the well-posedness of initial value problem
of (1.7), and establish some comparison theorems for supersolutions and subsolutions of (1.7).

First, we consider the spatially independent solutions of (1.7), that is, solutions of the
following delay differential equation:

x'(t) = —x()+ /T J(s) f(x(t —s))ds, 2.1)
0
where J (s) is defined by
m 4
J(8) =Y 0idi(®) +atuni () + Y BiJwersi(s), s €07l
i=1

Jj=1

Obviously, the characteristic functions for (2.1) and (1.8) with respect to the trivial equilibrium
can be represented by

A} = f’(O)[TJ(s)e*“ ds —r—1,
0

T m 4
As(h, €) := — £1(0) / [Za,- Ji()e M tadu(s)+ Y B Jm+1+j(s)e”]em ds —ch+1
0 =iz j=1

2.2)

respectively, for A € R and ¢ € R. Then we have the following relation for the roots of A; ()
and A>(X, ¢).
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Lemma 2.1. The equation A1(X) = 0 has a unique root \.* > 0. Furthermore, if m = {,
o = ,3,' and J;(*) = Jps14i (), i = 1,...,m, then

—cir(cy) > A* and — caxs(cp) > AF forany ¢ < ¢} and ¢z > 3.
Proof. Since A1 (0) = f/(O)@+a+B)—1>0,

%AI(A) = —1'(0) fOIsJ(s)e“ ds—1<0

and Alim A (L) = —o0, itis easy to see that the equation A (1) = 0 has aunique root A* > 0.
—+00

Now we prove the second assertion of this lemma. By our assumptions, we know that
m
T(s) =2 0 Ji(s) + adpe(s).
i=1
Suppose our assertion is false, then there exists a ¢; < ¢ such that —cjAi(c;) < A* ora

¢2 > ¢ such that —cA3(cp) < A*. We consider the first case. Since Az(Ai(cy), ¢1) = 0, we
have

0> —ciri(c) — A"

T m
= f/(O)/ [Za,-]i(s)(e)“("‘)i +e_)“("‘)i)+aJm+1(s)]e)“("1)"“ds — 1=
0 ~io
> f’(O)/ [2ZaiJ,-(s)+aJm+1(s)]e—**S ds — 1 — *
0 i=1

= f’(O)/ J(s)e™ds — 1 — A% =0.
0
This contradiction shows that —cA((c;) > A* for any ¢; < c¢]. Similarly, we can show that
—cA3(c2) > A* for any ¢; > ¢;. This completes the proof. O
Next, we consider the existence and asymptotic behaviour for solutions of (2.1).

Lemma 2.2. There exists a solution I'(t) : R — R of equation (2.1) such that

(1) >0, r'(r) >0, ) <et’ forallr € R
and satisfying

(+o0) =K and lim T@)e ™" =1.

t——00

Moreover, if f € C'([0, ), [0, 00)), then T (t) > 0 forall t € R.
Proof. The proofis similar to that of theorem 2.1 of [42] which uses the technique of monotone
iteration scheme. Here we only sketch the outline.

Let C(R, R) be the space of continuous real functions on R. We also define an operator
T:C(R,[0,K]) - C(R,R) by

T(p)(@) = /[ e =9 </ J(r) f(op(s — r))dr) ds.

—00 0

Then the rest of the proof is divided into the following three steps.

Step 1. It is easy to see that the following results hold:
O T:CR,[0,K]) > CR,[0,K]);
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(i) T(@)(@) = T(Y)(@) for ¢, ¥ € C(R, [0, K]) with ¢(2) = ¥ (1);
(iii) T (¢)(¢) is increasing in R for ¢ € C(R, [0, K]) with ¢ (¢) is increasing in R.

Step 2. For any fixed ¢ € (0, 1) and sufficiently large g > 1, we define

¢(t) =min{K,e*"} and ¢(r) = max {0, (1 — ge")e*’} forallr € R.
Then, by direct computations, we obtain

0< o) <P <K, T@) <) and T(P)(1) >¢(t) forallz e R.

Step 3. Using the monotone iteration technique, we can show that equation (2.1) admits a
solution I'(¢) which satisfies

I'#) >0 and @) <T(@) < (1) forall r € R.
Thus,
lim e ™" =1, TI'(+oo)e€ (0,K] and 0<T() <e*’ for all r € R.
——00

Moreover, one can easily verify that I'(+c0) = K.
If f e C'([0, 00), [0, 00)), then T'(¢) € C*(R) and for all t € R,

@) =-TI"(t) + /T J@) T —sNI' (@ —s)ds > —T'(@).
0

Suppose that there exists a #; € R such that I'V(¢;) = 0. Then, I'’(t;) > I''(t)e’™" for all
t < t; which implies that I'/(¢) = 0 for all + < #;. Hence I'(¢;) = lim,_,_o, ['(¢) = 0 which
contradicts to I'(t;) > 0. Therefore, I'’(¢) > 0 for all # € R. The proof is complete. O

Now we consider the existence problem for the initial value problem of (1.7) with the
initial condition:
X (8) = @n(s), n ez, s€lr—rz,rl (2.3)

where r € R is an any given constant. We also establish some comparison theorems for
supersolution and subsolutions of (1.7). The definitions of supersolution and subsolution are
given as follows.

Definition 2.3. A sequence of continuous differential functions {x,(t)},ez, t € [r,b), b > 1,
is called a supersolution (or a subsolution) of (1.7) on [r, b) if foralln € Z and t € [r, b),

(0 = (or Y e [ I f it — ) ds +a f et ) f (a0 — ) ds
i=1 0 0

¢ T
+Y B fo Tt (9) f Conj (£ = 5)) ds = x, (1), 2.4)
j=1

By definition 2.3, we have the following results.
Lemma 2.4. We consider the problem of (1.7) and (2.3).

(1) For any ¢ = {@n}nez with ¢, € C([r —1,r], [0, K]), (1.7) admits a unique solution
x(t; ) = {xn(t; (p)}neZ on [r, +00) such that x,(s) = ¢,(s) and 0 < x,(t) < K for
nezZ selr—rt,rlandt € [r — 1, +00).

(2) Suppose {)c,;'(t)}nGZ and {xn_(t)}nGZ are a supersolution and subsolution of (1.7) on
[r, +00), respectively, such that 0 < x, (t), x}(t) < K and x;(s) > x, (s) forn € Z,
selr—rt,rlandt € [r — t,+00), then x;(t) = x, (t) forn € Z, t > r.
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Proof.
(1) We denote

H,[x](t) =) e /t Ji(s) f(xn—i(t —s5))ds +a /r Ime1(8) f(xn (1 — 5)) ds
i=1 0 0
L T
+Zﬂj/ 14 () f (2 — 5)) ds, 2.5
j=t 70

§ 1= {50 = O hez
and define an operator F = {F”}nez S — Sby

5a() € C(Ir = 7,+00), [0, K1) and satisfies (2.3)},

t
FoL() = @p(re = +/r H,[x1(s)e " Vds, forneZ,t>r,

on(t), forneZ,telr—r,rl.
For any A > 0, we set

X =[x 0 = (aOhaez

() € C(Ir — 7, +00), R),  sup  |x,()]e™ < +oo},

neZ,gt>2r—t
and
lxllx:= sup  |xu(0)]e™.
neZ,gt>r—t
It is easy to see that (X,\, Il - ||x) is a Banach space and S C X, is a closed subset of X;.

Moreover, we can choose a sufficiently large A > O such that F : § — § is a contracting map.
Hence, there exists a unique fixed point x(-) € S of F which is a solution of (1.7) and (2.3) on
[r, +00).

(2) Put w,(¢) :=x,;(t) —x}(t),n € Z,t > r — 7, then w,(¢) and Z(t) := sup,,{w, (1)}
are continuous and bounded on [r — 7, +00). Let § > 0 be such that § > f/(0) for J(s)ds.
Suppose the assertion of (2) is false, then there exists a #y > r such that Z(#)) > 0 and

Z(tg)e % = max Z0)e " > Z(s)e ™, Vs € [r — 1, fo). (2.6)
t

>r—t
It is easy to see that there exists a sequence {rn;};X such that
wy, (o) > 0, Vk > 1 and lim wy, () = Z(t).
k—+00

Let {#};25 C (r, to] be such that
Wy, (1)e ™% = max w,, (1)e . 2.7
telrty]
It then follows from (2.6) that klim tr = ty. Since
—+00

Wy, (10)e™" < wy, (e ™ < Z(t)e ™ < Z(t)e ™",
we obtain that klim Wy, (1) = Z(tp). In view of (2.7), for each k > 1, we have
—+00

d
= —Wp, (k) — Swy, (&)

d
0 < e —(wnk (t)e“”)
=7 dt

dr

= G D)+ Y /0 3 [ =) — FOh (o — 5)] ds
i=1
+a /0 Tt 8) [ £ O (5 — ) — FGE (1 — )] ds

¢ T
+Y B; fo T+ (5) [f(xn;+,<rk — ) = fxh —s))] ds. (2.8)
j=1
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Since | f(u) — f(v)| < f/(0)|u — v| for all u, v € [0, K], it follows from (2.8) that

0< — 8+ Dw,, (&) + £(0) Za,- /T Ji(s) max {0, Z(t, — 5)} ds
i=1 0
+af’(0) /T Jins1(s) max {0, Z(t — s)} ds
0

¢ T
+ f’(()) Z ﬂj f Jm+1+j (s) max {0, Z(t, — S)} ds.
=1 70
Taking k — +00, we obtain

m T
0< — 6+ DZ(to) + £/(0) Za,-/ J()& ) max [0, Z( — $)e™ @ | ds
i=1 70
T
+af'(0) / Tnr @0 max {0, Z(tg — $)e7 0 L ds
0

¢ T
+ f’(O) Z ,Bj / Jm+1+j (S)e(i(lo—s) max HO’ Z(lo _ S)e—zi(lg—s)} ds
j=1 0

T m 4
<=0 7O [ (ko) +ahas)+ 3 By o))e ™ ds|201)
i=1 j=1

< (—8+f’(0)/1 J(s)ds)Z(to).
0

Therefore Z(#p) < 0 and which contradicts to Z(ty) > 0. Hence, x;(t) > x, (¢t) forn € Z
and t > r. The proof is complete. ]
Moreover, we give an a priori estimate of solutions of (1.7) in the following lemma.
Lemma 2.5. Assume that x(t; ¢) = {xn (t; (p)}neZ is a solution of (1.7) with the initial value
¢ = {@uluez satisfying ¢, € C([r —1,r], [0, K]), then there exists a positive constant M,

independent of ¢ and r, such that foranyn € Z,t > r +t and h > 0,

|t )| <M and |, (t + hy @) — x,(t; )| < Mh. (2.9)

Proof. For convenience, we denote x, (¢; ¢) by x,(¢). From lemma 2.4, we know that
0<x,(t) K forneZ and te€[r—1,+00).

Then it is easy to see that
| ()| < My == (a+a+p) max f(u)+K =2K

forn € Z and t € [r, +00). Moreover, forn € Z and t > r + t, we have
|l (t +h) — x,(0)| < |xa(t + ) — x,(8)|

+£7(0) Zai /T Ji(s)|x,,_i(t +h—5)—x,_;(t — s)’ ds
i=1 0
+af/(0)/ Tns1 ()% (t +h —5) — x,(t — )| ds
0

¢ T
+f’(0)Zﬁj/0 Tt () e (0 4+ = 5) = 0y (1 — 5)] ds
j=1

< Moh = [f'0O)a+a+pB)+11M;h.
Taking M := max{M, M,}, then the assertion of this lemma follows. OJ
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Lemma 2.6. Let x; (1) € C([r — 7, +00), [0, +00)) and x, (1) € C([r — 7, +00), (—00, K1)
be such that x; (s) > x, (s) foralln € Zand s € [r — 7, r], and

%x;(t) > —xr(t) + f/(O)[ Za,- /OT Ji$)xi_;(t —s)ds+a /OT Jnr1 ()X (¢ — s)ds

+Zﬁ, / Iners ()35t = 9) ds |,

d B B ) T B T B
axn < —x, O+ f (O)[Zai fo Ji(s)x,_;(t —s)ds +a/0 Jnr1(8)x, (¢ —5)ds
i=1

+Zﬂ] f Dot (5)7, (1 = ) dis
foralln € Zandt > r. Then x;(t) > x,/(t) foralln € Zandt > r

Proof. The proof is similar to part (2) of lemma 2.4. We omit it here. g

3. Existence of entire solutions

In this section, we will use the properties of previous sections to obtain an appropriate upper
estimate for solutions of (1.7) and then prove the existence result of theorem 1.3.
For any k € Z*, hi,hy,hy € R, ¢; < ¢f,ca > ¢ and x1, x2, x3 € {0, 1} with
X1+ x2 + x3 = 2, we denote
@n(s) 1= max {19, (n — €15 + ), xoWe, (n — €25 + h2), x3T (s + h3)},
x, (1) := max {1, (n = c1t +hy), x2Ve, (n — 2t + h2), 3T (¢ + h3) },

where s € [k — 7, —k] and t > —k. Let x*(t) = {x*(#)},cz be the unique solution of the
following initial value problem

—xk(t)—zdz/ J(s)f X, _ l(t ))ds+a/f Jm+1(s)f(x,]f(t—s))ds
0

3.1
+Zﬁj/0 Tns1sj (8) f (x5, ;8 — ) ds — x: (1), neZ, t>—k, G-
j=I1

x,’:(s) = (p,’j(s), net, sel[—k—rt,—k].

Then, by lemma 2.4, we have x, (1) < x,’j (t) < K foralln € Z and t > —k. The following
result provides the appropriate upper estimate of x*(z).

Lemma 3.1. The unique solution xk@) = {xff (O)}nez of (3.1) satisfies

x,(1) < xy (1) < min {K, T (n, 1), Ta(n, 1), M3(n, 1)}
foranyn € Z andt > —k — t. Note that 11 (n,t), Ily(n, t) and T13(n, t) are defined in
theorem 1.3.
Proof. We only prove x,’f(t) < Iy(n,t) foralln € Z and t > —k — t. The other cases can
also been proved in the same way. Assume x; = 1 and set

ZK(t) := x5 (t) — e, (n — 1t + hy).
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By assumption (A2) and direct computation, we obtain

_Zk(t) f(O)Za,/ J[(s)Z,’fﬂ-(t—s)ds+af/(0)/tJm+1(s)Z§(t—s)ds
0

: (32)
+f<0>2ﬁ, /0 T 0)Z, (0 — 5) ds — Z5(o),

Zy(s) = <P,,(S) $e, (n — c15 + hy),

wheren € Z, t > —k, s € [k — t, —k]. Taking

V,(t) := x2B. eh@)—ctthy) 4 XSeK*(Hh,%)
. 2 9

it is easy to verify that

%Vn(t) = f(0) Zai /‘I Ji($)Vui(t —s)ds +af'(0) /t Jns1($) V(£ — 5)ds
i=1 0 0

4 T
+f’(0)2ﬂj/0 Ts1sj(8) Ve (8 — s)ds — V, (0), forneZ, t > —k.

j=1
According to definition 1.2 and lemma 2.2, we have
Ve,(2) < B,e™ @ and T(z) <e*” for all z € R,

which implies
Va(s) := X2 Be, @07 4 3ot O > o, (0 — cs + o) + x3T(s + h3)
> 9,(5) = o, (n —cis +hy)
= Zk(s) for s € [~k — T, —k].
It then follows from lemma 2.6 that
ZK () < V(1) foralln € Z and > —k —T,
that is,
XE(t) < e, (n — 1t + hy) + (2B, & D07 4y F ) — 1, (n, 1),
If x; = 0, then the assertion xk(t) I1;(n, t) obviously reduces to
xk (t) x2Be, ehs(e)n—cattha) 4 x3e A (t+hs)

Hence the assertion of the lemma follows. The proof is complete. ]

Now we prove the result of theorem 1.3.

Proof of theorem 1.3. By lemmas 2.4 and 3.1, we have
x, (1) <xp () < xp*' (@) < min {K, T (n, 1), Ta(n, 1), M3(n, 1)}

forany n € Z and t > —k — 1. Using the a priori estimate of lemma 2.5 and the
diagonal extraction process, there exists a subsequence xk @) = {x% @)} en of x*(r) such
that x¥ (1) converges to a function ® p(t) = {CD,L ,,(t)}”EZ in the sense of topology 7. Since
xk(#) < xk*1(z) for any t > —k, we have

lim x],:(t) =, ,(1) forany (n,t) €e Z x R.
k—+00
The limit function is unique, whence all of the functions xk @) converge to the function ® ()

in the sense of topology 7 as k — +oo. Clearly, ®,(¢) is an entire solution of (1.7) satisfying
(1.9). The proof is complete.
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4. Qualitative properties of the entire solutions

In addition to the existence result of theorem 1.3, in this section we further investigate some
qualitative properties of the entire solutions.
Forany N € Z and y € R, we denote the regions Tzlv,y’ i=1,...,6by

Ty, =[N, 00) x [y, 00), Ty, = (=00, Nl x[y,0), Ty, :=Zx]ly,00),

T[éqy = (—OO, N] X (—OO, J/], T[f/!y = [Nv OO) X (_OO’ y]v T/S,y =17 x (—OO, )/]
Various qualitative properties of the entire solutions are stated in the following.

Proposition 4.1. Let ®,(t) = {P, ,(t)}secz be the entire solution of (1.7) as stated in
theorem 1.3, then the following properties hold.

(1) &, ,@0) > 0 and @, o) = 0 foralln € Zandt € R. Moreover, if f €
C'([0, 00), [0, o0)) then @) ,() > 0foralln € Zandt € R.

2) hm sup |®,,,(t) — K| =0and lim sup ®, ,(t)=0forany N € N.

1= =00 |y |<N

B) If x1 = 1 then lim sup |®, ,(t) — K| =0forany T € R.

n—>+00
4) If x» = 1 then ngrpoo;p |®,,,(t) — K| =0forany T € R.
O Ifys=1l,m=4¢« z,TB, and J; () = Jp1+ () fori =1, ..., m, then
@, ,(t) ~T(t+h3) ~ et +hs) as t— —oo forevery neZ.
(6) If x3 = O then for any n € Z, there exist constants D, > C, > 0 such that
Cue” @ < P, (1) < Dye’ e
fort K —1, here ¥ (cy, ¢3) := min{—c1Ai(c1), —car3(ca)}.

(7) Foranyn € Z, ®, ,(t) is decreasing with respect to hy and increasing with respect to h
and hs, respectively.

(8) Forany N € Zandy € R, ®,(t) converges to K in the sense of topology T as h; — +00
and uniformly on (n,t) € T,{,’yfori =1,3. Ifh, — —oo then ®,(t) converges to K in
the sense of topology T and uniformly on (n,t) € T,\z,’y.

Proof. The assertions for parts (2)—(4) and (6)—(8) are direct consequences of (1.9). Therefore,
we only prove the results of parts (1) and (5).
(1) From (1.9), one can see that ®,, ,(1) > Oforall n € Z and ¢ € R. Since
x,’f(t) 2 x,0t) 2 x,0)=¢"(s) for all (n,t) € Z x [—k, +00)
and s e [—k—1,—k],

by lemma 2.4, we have & i fj(t) 0 for (n,t) € Z x (—k, +00), which yields to d>n p(t) >0
foralln € Z and ¢t € R.
Moreover, if f € C'([0, 00), [0, 00)), then

m

& 1) = - ,1p(r>+Za,/ T @iyt — )], (1 — 5)ds
+a / Tt ) f (@ p(t = )P, (¢ — 5)ds
0

l T
+308; fo Tnetss ) (@ p(t — B, (0 — 5)ds, @1
=1
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where n € Z and ¢t € R. Hence, for any r < ¢, we have

t
@, (1) =D, (e "+ / h(s)e™ " ds, (4.2)

r

where

o =Y e /0 T F (@i p(t — )@, (1 —5)ds
i=1
+a /T Ins1 () f/ (@ p(t — $)@), (¢ —5)ds
0

¢ T
+Y B /0 Instej () f' (@uajpt — NP, (¢ = 5)ds.
j=1

Clearly, h(t) > O for alln € Z and t € R. Suppose on the contrary that there exists a
(no, to) € Z x R such that @;U,p(to) = 0, then it follows from (4.2) that ®’ () = 0 for

no,p

all ¥ < tp. Hence @, ,(t) = &, ,(t) for all t < #, which implies that tEer D,y p(1) =
®,,,» (). However, following from (1.9), we have rl}il_n(ﬁ D, p(t) = 0 and @, ,(to) > 0.
This contradiction implies that @/, ,() >0forallz e R.
(5) By lemma 2.1, we know that

min{ —c1hi(cr), —czk3(cz)} > A" foranyc; < ¢ and ¢ > c3.
Then (1.9) implies
D(t +h3) < D, (1) < x1Ap 0¥ 4y g ehs(@nmatvha) 4 Py 4 py)

< XlAqul(cl)(n—cthl) + Xchzexg(cz)(n—cthz) 4o+

Since . lim T'(t)e ™" = 1, the statement of (5) holds obviously. The proof is complete.  [J
——00

Moreover, according to the assumption xi, x2, x3 € {0, 1} with x; + o + x3 = 2 in
theorem 1.3, we further denote the entire solution @ ,(¢) of (1.7) by

D, (1) = { Dy, py O }nez, it (X1, X2, x3) = (1, 1, 1);
D, (1) ={ D, p, O}nez, if (X1, X2, x3) = (0, 1, 1);
D, (1) ={ Dy, p, O}nez, if (X1, X2, x3) = (1,0, 1);
D), (1) = { Dy, p, O}nez, it (X1, X2, x3) = (1, 1, 0),
where p = py, .0 = (X1€1, X262, X111, x2h2, x3h3), po = (c1, ¢2, hy, ha, h3), p1 =
0, ¢2,0, hy, h3), pop = (c1,0,h1,0,h3) and p3 = (c1, 2, hy, h2,0). Then we have the
following convergence results.

D, (1) = 4.3)

Proposition 4.2. From (4.3), we have the following properties.
(1) Forany N € Z and y € R, @, (t) converges (in the sense of topology T ) to

®,, (¢t) as hy — —oo, and uniformly on (n, ) € T,é,y;
&, (¢) as hy — +oo, and uniformly on (n, t) € T,f,,y;
®,,(t) as h3 — —oo, and uniformly on (n, 1) € T,\ﬁ,.y.

(2) Forany N € Zand y € R, ®, (t) converges (in the sense of topology T ) to

['(t + h3) as h, — +oo, and uniformly on (n, 1) € Tf,,),;

Ye,(n — cat + hy) as hs — —oo, and uniformly on (n, ) € Tlf’,’y.
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(3) Forany N € Z and y € R, ®,(t) converges (in the sense of topology T) to
['(t + h3) as hy — —oo, and uniformly on (n, 1) € T]f,,y,
{qbcl (n — ¢t + hy) as h3 — —oo, and uniformly on (n, t) € TIS’V.
(4) Forany N € Z and y € R, ®,,(t) converges (in the sense of topology T) to
{WQ(I’! — ¢t + hy) as hy — —oo, and uniformly on (n, t) € Tfhy,
¢, (n —c1t + hy) as hy, — +oo, and uniformly on (n, t) € TIS
(5) Forany hy, hy, b7, h; € R, there exists (ng, ) € Z x R, depending on c, ¢z, hy, ha, b7,
h3, such that
D, (1) = <I>n+n0,p§ (t +19) forall (n,t) eZ xR
if and only if
co(hy — hY) —ci(hy — h3)
Cr — (1
Here p3 := (c1, 2, hi, h3, 0).

eZ. (4.4)

Proof.
(1) We only prove the case that @, (t) converges to ®,,(¢) in the sense of topology 7 as
h3; — —oo, and uniformly on (n, ) € T, ,S’y. The proofs for the other cases are similar.

For (x1, x2. x3) = (1, 1, 1), we denote ¢* (s) = {g} (s)}uez by ¢} (5) = {@} ,, ()}nez and
xk @) = {x,’f(t)},,ez by xf,o(t) {x, po(t)},,ez, respectively. Similarly, when (x1, x2, x3) =
(1,1,0), we denote ¢*(s) by @k (s) and x*(1) by x% (1), respectively. Let wk@t) =
{Wr()}nez := x5, (1) — x5, (1), then 0 < Wy (1) < K forall (n,1) € Z x (—k, +00) and

iWk(t) (O)[ Za, / Ji (s)Wn’li(t —s)ds +a /T Jm+1(s)W,]f(t —s)ds
0

+Z,8// 145 (8) n+J(t S)ds]—W,]:(l)
forn € Z and t > —k. Note that
Wi(s) =@} , () — ¢ ,.(s) < T(s+h3) <O for se[—k—1, —k]

and the function VT/(t) = e+ gatisfies

%W(l) = f’(O)[Zai fT J,-(s)W(t —s)ds +a/r Jm+1(s)W(t —s)ds
P 0 0

l T
+ Z'ijo Jm+1+j(S)W(f — ) dS] — W) fort > —k.
=1

It then follows from lemma 2.6 that
0 < Wh(r) < et for all (n, 1) € Z x [k, +00).
Since kl—i>IPoo xk (1) = @p, (1) and kl—i>IPoo xk (1) = @, (1), we obtain

0 < D, (1) — D,y (1) < ¥ HHD) forall (n,1) € Z x R,

which implies that &, (¢) converges to ®,.(t) as h3 — —oo uniformly on (n,?) € T,f’,’y
for any y € R. For any sequence h§ with h§ — —o0 as £ — +0o0, the functions @ ()
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(here p* := (c1, ¢, hy, hy, hg)) converge to a solution of (1.7) (up to extraction of some
subsequence) in the sense of topology 7, which turns out to be @, (¢). The limit does not
depend on the sequence h¢, whence all of the functions @ (1) converge to @, (1) in the sense
of topology 7 as h; — —oo. Hence the assertion of this part follows.

The proofs of parts (2)—(4) are similar to that of part (1), and omitted.
(5) When x; = x» = 1 and x3 = 0, by (1.9), we have, foranyn > 0 and r € R,
0 < @ p, (1) = e, (n — €1t + hy) < B, @@= L, ehs(@)Carh)
which implies that
im :L;% | @1, p, (1) — e, (n — c1t + hy)| = 0. (4.5)

Similarly, we obtain
lim sup |®, ,,(t) — Ve, (n — c2t + hy)| = 0. (4.6)

1=>=00 <0

For any hy, hy, h{,h5 € R, suppose that there exists a (ng,f) € Z x R such that
D, (1) = Py ps (7 + 1) for all (n, 1) € Z x R. Then, from (4.5), we obtain

lim sup |ch+n0,p§‘(t +t0) - ¢C| (n —cit +h1)| =0

1——00,50

and
im - sup | @rrsng. pi (1 + 10) — e, ((n +1g) — €1 (1 +1o) + h})| = 0.
O n>—ng
Hence,
lim sup |, ((n+ng) — c1(t +10) + h}) — e, (n — 1t + hy)| = 0. 4.7)
——00

n>max{0,—np}

Let {#,},en be such that n — ¢, = 0 for all n € N, then (4.7) implies

no —Cll‘()+/’l>;< = h (4.8)
as n — +oo. Similarly, by (4.6), we obtain
ng — ctp + h; = h,. 4.9

Solving (4.8) and (4.9), we obtain
hy —hY) —ci(hy, — 3 hy —hY) — (hy, — b3
no = ca(hy 1) c1(hy 2) and fo = (hy 1) (h 2).

€2 —C € —C

(4.10)

Hence condition (4.4) holds obviously.
Conversely, if the condition (4.4) hold, one can easily verify that ®, p, (f) = @1, p1(t+10)
for all (n,t) € Z x R, where (ng, ty) is given by (4.10). This completes the proof. O

Remark 4.3. If the function f(-) is odd, then the function W, (¢) := —®,(¢) is also an entire
solution of (1.7) which satisfies the similar properties of @, () as stated in propositions 4.1-4.2.
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